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2008
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EXAMINATION

Mathematics

General Instructions Total marks (120)

o Attempt Questions 1-10
o Reading Time - 5 minutes o All questions are of equal value
o Working Time — 3 hours

o Write using a black or blue pen

o Approved calculators may be used

o A table of standard integrals is
provided at the back of this paper

o All necessary working should be
shown for every question

o Begin each question on a fresh
sheet of paper



BLANK PAGE



Total Marks — 120
Attempt Questions 1-10
All Questions are of equal value

Begin each question on a NEW SHEET of paper, writing your student number and
question number at the top of the page. Extra paper is available.

Question 1 (12 marks) Use a SEPARATE sheet of paper.

(a)

(b)

(©)

(d)

(e

®

Evaluate __23 correct to 3 significant figures.

3/2.45-1.09

Factorise y* +125.

Find a primitive function of 2+ 3sinx.

Find the values of x for which x% +5x-362>0.

Write down the coordinates of the focus of the parabola (x —2)% =—4(y +1).
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Question 2 (12 marks) Use a SEPARATE sheet of paper.

(a) Solve siné = for 0<x<2x.

-

{2)] Differentiate with respect to x:

(i) XCoSX

(ii)

(¢ (@ Find f fx dx |

x° =1

ks

(i)  Evaluate Esec’ 2xdx.

(d)  Find the equation of the normal to y =log x at the point (e,2).
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Question 3 (12 marks) Use a SEPARATE sheet of paper.

20
(a) Evaluate Z (3n—-2).
n=>5

(b) The lengths of the sides of a triangle are 14cm, 16cm and 26cm
6] Find the size of the angle opposite the smallest side

(i)  Find the area of the triangle

(c) A Y

NOT TO SCALE

0 56.0)

A+(0,-8)

On the number plane above O, 4 and B are the points (0, 0), (0,—8) and (6, 0)
respectively.

)] The point C is the point such that the mid-point of interval 4C is (3, 0).

Show that C has coordinates (6, 8).
(ii)  Show that the line AC has equation 3y =8x—24.
(iii)  Show that O4BC is a parallelogram. Give reasons for your answer,
(iv)  Find the area of the parallelogram OABC

(v)  Calculate the length of diagonal 4C.
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Question 4 (12 marks) Use a SEPARATE sheet of paper. Marks
(a) Y

NOT TO SCALE

XYZ is an isosceles triangle right-angled at ¥ and XY = 4cm. An arc, centre X and

radius 4em is drawn to cut XZ at P.

(1) Copy this diagram onto your answer page and explain why £YXZ = % 1
(ii)  Show that the area of the shaded portion YZP is 2(4 — 7)cm®. 2
(iii)  Find the perimeter of the shaded portion YZP. 2

(b) A function f(x) isdefined by f(x)=x*-3x>-9x+1.

(i) Find the coordinates of the turning points of the graph of ¥ = f(x), 3

and determine their nature.

(i)  Hence sketch the graph of y = f(x), showing the turning points and the 2
y-intercept.

(iii)  Find the coordinates of any points of inflexion. 1

(iv)  For what values of x is the graph of f(x) concave up? 1



Question 5 (12 marks) Use a SEPARATE sheet of paper.

(a)  Inthe diagram, ABD is a triangle, the point C is the mid-point of BD
and the point £ is the mid-point of AD. Also, AE = CE = DE, AB|| EC

and ZEDC =x°.

NOTTO
SCALE

A I E e D

(i) Show that £ACB=90°
(i) Express £BAD interms of x°

(b)  Find the area bounded by y=x"—6x+8 and the x axis for 0<x <4.

(©) A school committee consists of five year 12 girls, six year 11 girls and
two year 10 girls. Two girls are chosen at random from this committee to

represent the school at a function. Find the probability that:
(i) they are both year 12 girls
(11) one year 12 girl and one year 11 girl is chosen

(lif)at least one year 10 girl is chosen
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Question 6 (12 marks) Use a SEPARATE sheet of paper.

(®)

(b)

(©

If m+3m+5m+...+53m =81, find the value of m.

The depth of water in the cross-section of a 4 metre wide creek was measured

and recorded in the table below

Distance from one bank (m) 0 1 2 3 4

Depth (m) 04 0.8 1.5 13 03

1) By applying Simpson’s Rule, find the cross-sectional area of

the creek at this point in square metres correct to 2 decimal places.

(i)  The water at this point is flowing at a rate of 0.5 m/s. Calculate the
volume of water which passes this point in one minute

(answer to the nearest cubic metre).

The depth D, in metres, of a liquid stored in a vat at time ¢ seconds
is given by

£+
=

D tz0

(1) What was the initial depth of the liquid in the vat?

(1))  Find an expression for the rate at which the depth of the liquid

changes

(iif)  Find the rate at which the depth of the liquid is changing when 7 = 2.

Hence, or otherwise, explain whether the depth is increasing or

decreasing at this time.

(iv)  Are there any restrictions on the range of D? If so, state the range.

Marks



Question 7 (12 marks) Use a SEPARATE sheet of paper.

(a)

(b)

Every year, starting on Lana’s first birthday, her grandparents deposited $100 for
her in a special bank account at a rate of 9% p.a., compounded annually.

On her 21* birthday, instead of depositing $100, they deposited a lump sum of

$10 000 into the same account. After this, they stopped depositing money for Lana.

(i) How much did Lana have in her account immediately after the lump sum
of $10 000 was deposited?

(i)  Lana left all the money in the bank at the same interest rate until her 26™

birthday. What was the balance of her account then?

(iii)  What single amount of money would Lana’s grandparents have needed to
invest on her first birthday so that she had the same amount of money on
her 26™ birthday?

A particle is on a horizontal line. Initially, its velocity is 4 cm/s. Tt accelerates
uniformly for 5 seconds until it is travelling with a velocity of 10 cm/s. It
maintains this velocity for 6 seconds and then decelerates uniformly until it is at
rest after a further 4 seconds.

) Show this information on a velocity - time graph.

(i)  Find the distance travelled by the particle before it comes to rest.

(iii)  Find the average speed of the particle.
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Question 8 (12 marks) Use a SEPARATE sheet of paper. Marks

(a) The part of the curve y = %+1 between x=2 and x=3 isrotated 3
X

about the y-axis. Find the volume of the solid of revolution formed.

(b) Let 4 and B be the fixed points (2,0) and (-1,0) let P be the
variable point (x, y) such that P4 =2PB

1 By finding the equation, deduce that the locus of P is a circle. 2

(i)  Hence, or otherwise, find the centre and radius of this circle. 1

(©) Jose borrowed $250 000 at the beginning of 2008. The annual interest rate
is 8%. At the end of each year, interest is calculated on the balance at the
beginning of the year and added to that balance owing.

The debt is to be repaid by equal annual repayments of $30 000, with the
first payment being made at the end of 2008,

(1) Show that 4, = 250000(1.08) —30000(1 +1.08) 1
(i)  Show that 4 =375000-125000(1.08)" 2
(iil)  In which year will Jose make the final repayment? 3
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Question 9 (12 marks) Use a SEPARATE sheet of paper. Marks

(a) 1) Explain why the series 1+ (\/5 -1+ (\/5 —1)? +... has a limiting sum. 1
(i)  Calculate the limiting sum of this series 2
b @ On the same set of axes draw the graphs of y =cos2x and y=sinx 2

for the domain 0<x<x.

(i)  Show that the curves intersect at x = % 2

(t11)  If the x-value of the other point of intersection is x = % , solve the 1
inequality sinx > cos2x for 0<x<x.
{c) The diagram shows a rectangle PORS where P and ( are on the curve y= e
and R and S are on the x axis. The point O is the origin and the lengths OS and OR

are equal.
F 3 y
P Q
S 0 R 7
m Let the length OR be x units and show that the area of the rectangle 1
PQRS is represented by the expression A= 2xe ™ .
(i)  Find the value of x for which PQORS has a maximum area. 3

-11-



Question 10 (12 marks) Use a SEPARATE sheet of paper.

(2)

(b)

(1) Given that there are two tangents of the form x— y =¢ to the circle
x* +y* =2m? , prove that the x values of the points of contact

are solutions of the equation 2x* —2ex +(¢? —2m?) =0.
(i)  Hence prove that ¢ —4m” =0.

(iify If @, B are the roots of the equation 2x* —2¢x+ (¢* —2m*)=0and
af? =9, find the possible values of m and c.

(iv)  Hence find the equation of the circle and the equations of the two tangents.

Two councils in towns A and B have found that the population in the towns are
given by:
P, =2000e™"" for town A,

P, =1000e"%* for town B,
where ¢ is the number of years which have elapsed since January 1%, 2000.

(1) Write down the annual growth rate for town B.

(i)  Calculate the instantaneous rate at which the population of B will be
increasing at the start of 2015.

(iii)  During which year will the population of B become larger than the
population of A?

End of paper

-12-
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STANDARD INTEGRALS

1 n+l

x"dx = X" onx-1; x#0,ifn<0
n+l

(1

—dx =lnx, x>0

x

[ 1

e dx =—e*, a0
a

[ 1,

cosaxdx =Esmax, az0

[, 1

sinaxdx =—_cosax, a#0

X

2 1
sec‘axdx =Etanax, a#0

~

1
secax tanaxdx = Esecax, a#0

dx =—tan —, a=#0
az+x2
1 Lol X
dx =sin" " —, a>0, —a<x<a
2 2 a
a“—x
[ 1
——dx =1n(x+\/x2—a2), x>a>0
22
JAx“—a
[ 1
—dx =1n(x+\/x2+a2)
x? +a?

NOTE: Inx = logex, x>0
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